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Abstract. Denote by Hpqm the space of all planar {p, g)-quasiliomogeneous 
vector fields of degree m endowed with the coefficient topology. In this paper 
we characterize the set ilpqm of the vector fields in Hpqm that are structurally 
stable with respect to perturbations in Hpqm , and determine the exact number 
of the topological equivalence classes in flpqm- The characterisation is applied 
to give an extension of the Hartman-Grobmann Theorem for such family of 
planar polynomial vector fields. It follows from the main result in this paper 
that, for a given X G Hpqm we give a explicit method to decide whether it 
is structurally stable with respect to perturbation in Hpq^ before finding the 
vector field induced by X in the Poincare-Lyapunov sphere. This work is 
an extension and an improvement of the Llibre- Perez-Rodriguez's paper |17| . 
where the homogeneous case was considered. More precisely, if both p and q 
are odd, the main results of this paper are similar to those of the Llibre- Perez- 
Rodriguez's paper; if either p or q is odd while the other is even, we present 
some results which do not appear in the above mentioned paper. For example, 
one of the interesting results is that there may be triples {p, q, m) such that 
Hpqm ^ but flpqm = 0, which does not occur in the homogeneous case. 

1. Introduction and statement of the main results 

The structural stability of planar vector fields has been a subject of great in- 
terest in the global qualitative theory of dynamical systems since the sixties. The 
first definition of structural stability of planar vector fields goes back to Andronov 
and Pontrjagin (1937) [1] and Peixoto (1962) [20j. There are many paper about 
this subject. In 1990 [19] Shafer characterized the planar gradient polynomial 
vector fields which are structurally stable with respect to perturbations in the 
set of all C"" planar vector fields and in the set of all planar polynomial vector 
fields. In 1993, Jarque and Llibre [T2] found the similar characterisation to planar 
Hamiltonian polynomial vector field with respect to perturbations in the same 
sets of Shafer. In 1996 Llibre, Perez and Rodriguez [T7] characterized the struc- 
tural stable homogeneous vector fields with respect to perturbation in the same 
restricted set. In 2000 the same authors [18] extended most of the results of the 
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previous paper to systems of the form X = {Pm, Qn), where Pm and Qn are poly- 
nomial functions of degree m and n, respectively, m, > 1. In 2005 Jarque, Llibre 
and Shafer [13] provided sufficient conditions for a planar polynomial foliation to 
be structurally stable under several different types of perturbation. In 2008 [H], 
Jarque, Llibre and Shafer obtained the full characterisation of structural stability 
of polynomial foliations of degree 1 and 2, both in the Poincare sphere and in the 
plane, together with a complete catalogue of phase portrait of stable systems. 

However the complete and explicit characterisation of all planar structurally 
stable polynomial vector fields of degree m with respect to polynomial perturba- 
tions, is an open problem. In many papers about this subject we found the study 
of some families of polynomials vector fields, specially modulo limit cycles, as in 

i- 

A function f{x,y) is called a [p, q)-quasihomogeneous function of degree m if 
f{\Px,X'^y) = X"^f{x,y) for all A G M. If P{x,y) and Q{x,y) are {p,q)- quasi- 
homogeneous polynomials of degree p — 1 + m and q — 1 + m, respectively, we 
say that X = {P,Q) is a planar {p,q)-quasihomogeneous polynomial vector field 
of degree m. The system of differential equations associated to X is 

(1) ^ = 5Z «u^V, ^ = Qix,y)= hijx'yK 

pi+qj=p—l+'m pi+qj=q—l+m 

Here p, q and m are positive integers and y) and Q{x, y) are coprime in the 
ring M[a;, y]. To be short we denote this by y), Q{x, y)) = 1. 

Observe that the above definition is the natural one for the following reasons[S]: 

(1) When p = q = 1 it coincides with the usual definition of homogeneous 
vector field of degree m. 

(2) The differential equation dy/dx = Q/P associated with X, is invariant by 
the change of variables x = X^x, y = X'^y. 

(3) Homogeneous vector fields can be integrated using polar coordinates where- 
as (p, g)-quasihomogeneous vector fields can be integrated using the (p, q)- 
polar coordinates. These generalized polar coordinates were introduced 
by Lyapunov in his study of the stability of degenerate critical pointsfH]. 
In this paper we will describe this change of coordinates and some of their 
main properties in Section |2j 

Let Hpqm be the set of all planar (p, g)-quasihomogeneous vector fields of degree 

m. 

It follows from ([T]) that i^pgm 7^ if and only ii pi + qj = p — 1 + m and pi' + 
qj' = q — ^+rn have non-negative integer solutions (^, j) and {i',j') respectively. 
Therefore if {p,q,m) = (3,7,2), then H372 = 0; and if {p,q,m) = (1,2,2), then 
H122 ^ 0. 

Although there are integers p, q and m such that Hpgm = 0, there has been 
a substantial amount of work devoted to understanding the properties of the 
quasihomogeneous vector fields. For instance, the quasihomogeneous vector fields 
have appeared in several works about the Hilbert's Sixteenth Problem [5| [16]. and 
about integrability of planar vector fields[7]. The (p, g)-polar coordinates, used 
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to study the quasihomogeneous vector fields, have also been applied to study 
properties of planar differential equations [21 US]- It is well known that (see [7]), 
given a polynomial / G M.[x, y] we can write it in the form f = fm + fm+i + ••• + 
fm+n, where fk is a (p, g)-quasihomogeneous polynomial function of degree k. 

Before stating the main results of this paper, we give some definition and no- 
tations. To study the behaviour of the trajectories of a planar differential system 
near infinity we use the Poincare-Lyapunov compactification, see for instance [9]. 
In the Poincare-Lyapunov compactification we prefer to work on a hemisphere, 
calling it as Poincare-Lyapunov disk. The induced vector field in the Poincare- 
Lyapunov disc is called the Poincare-Lyapunov compactification of the vector field 
X, denoted by E{X). 

Roughly speaking, we shall say that two vector fields X,Y E Hpgm are topo- 
logically equivalent if there exists a homeomorphism h in the Poincare-Lyapunov 
disc, carrying orbits of the flow induced by E{X) onto orbits of the flow induced 
by E{Y), preserving sense but not necessarily parametrization; h is termed an 
equivalence homeomorphism between X and Y. Moreover, as in the homogeneous 
case, the coefficients of X, P and Q, are polynomials so, there exists a positive 
integer k < oo, such that every X = (P, Q) G -f/pqm could be identified with 
a unique point in M^, by the identification of the coefficients of X with points 
from M.^. The number k could be chosen in the following way: let ki and k2 be 
the numbers of the non- negative integer solutions, in the case they exist, for the 
equations pi + qj = p — 1 + m and pi' + qj' = q — 1 + m respectively. Then 
k = ki + k2. We take in Hpgm the topology induced by the Euclidean norm in M*'. 

Further, a vector field X G -f/pgm is structurally stable with respect to perturba- 
tion in Hpgm if there exists a neighborhood of X in Hpg^ such that for all Y E U, 
X and Y are topologically equivalent. We also need to observe that this definition 
of structural stability does not require that the equivalence homeomorphism is 
near the identity map on the Poincare-Lyapunov sphere. It is important to say 
that in certain cases, for open manifolds, the restriction of /i to a neighborhood of 
identity in Hpgm is not superfluous (see [HI [TTl [19]), but here it is redundant. This 
follows from the Peixoto results in [20], as in the homogeneous case. Since the 
coefficient topology is equivalent to the topology and the Poincare-Lyapunov 
sphere is a manifold in the Peixoto conditions we don't need to require that our 
equivalence homeomorphism be near the identity map. Peixoto showed in[2n| that 
on an orientable differentiable compact connected 2-manifold without boundary, 
if a vector field X is equivalent to all vector fields in a neighborhood U of 
X in the topology, then the equivalence homeomorphism between X and any 
vector field in U can be chosen sufficiently close to the identity map. 

Denoted by flpqm the set of all vector fields in Hpgm which are structurally stable 
with respect to perturbations in Hpgm- In this paper we characterise the vector 
fields in Qpgm and determine the exact number of the topological equivalence 
classes in flpgm- By using this characterisation we give an extension of The 
Hartman-Grobman Theorem for a kind of planar vector fields. 
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We would like to point out that the results of this paper are an extension of the 
results in [T7] and an improvement of them. For a given {p, g)-quasihomogeneous 
vector field of degree m, we give an explicit method to decide whether it is 
structurally stable with respect to perturbation in Hpg^, before finding the vector 
field induced by X in the Poincare-Lyapunov sphere, as it has taken place in 
others papers such as [17] , for instance. Roughly speaking, if both p and q are odd, 
the study of quasihomogeneous system are similar to those of the homogeneous 
one in [T7]; if either p or g is odd while the other is even, then we should use 
different ideas to study the {p, g)-quasihomogeneous vector fields. In fact, we 
present some results which do not appear in [17j for the latter case. For example, 
one of the interesting results is that there are triples (p, q, m) such that Epq^ 7^ 
but Vtpqm = 0, which does not occur in the homogeneous case. We also note that 
Proposition [3] is not necessarily in |T7] , but it is crucial for our analysis. Lemma 
m will tell us what is the difference between a general quasihomogeneous vector 
field and a homogeneous one. 

Now we shall present the main results of this paper. Let 



In Lemma[9](see Section [2] below) it is proved that if ri{x, y) = 0, then (P, Q) = 
{px, qy). This degenerated case will not be considered in this paper. Moreover we 
understand that the following convention (a) holds up without loss of generality. 
See Lemma [8] in Section [2l 

Convention. In this paper we understand that 

(a) p is odd and (p, q) = 1, unless the opposite is claimed, and 



In Section [2] we shall study the phase portraits of the vector fields in Hpgm and 
prove the following theorem. 

Theorem 1. Let X G Hpqm 7^ 0- If ri{l,y) has no zero and r]{0,l) ^ 0, then 
ri{x,y) 7^ 0, for {x,y) 7^ (0,0) and, the origin of system (QP is 

(a) a global center if and only if Ix = 0, where 



(b) a global stable (respectively, unstable) focus if and only if Ix < (respec- 
tively, Ix > 0). 

In [16] Ix is given by the integral of {p, g)-trigonometric functions. Here Ix 
depends on the integral of the rational function P{x,y)/ri{x,y). 

In Section [2] it is proved that, if rj{l,y) = has a real zero or 77(0, 1) = then 
the system ([1]) has at least one invariant curve. Therefore, Theorem [1] implies 
that the origin is a center if and only if ri{x,y) ^ 0, Ix = 0, or if and only if 



(2) 



r]{x, y) = pxQ{x, y) - qyP{x, y). 



(b) ri{x,y) ^ 0. 



(3) 




77(1,1/) ^0, 7^(0,1)^0, Jx=0. 
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The following theorem is proved in Section [3] and it gives the characterisation 
of the set Qpqm- 

Theorem 2. Denoted by flpqm the set of all vector fields in Hpqm which are 
structurally stable with respect to perturbations in Hpqm 7^ 0- If ^pqm 7^ 0? then 
the vector field X G ^Ipqm if and only if one of the following conditions is satisfied: 

(a) //?7(l,y) has no zero and ?7(0, 1) 7^ then Ix 7^ 0; 

(b) If the condition in (a) does not hold, then all the zeros ofr]{l,y) are simple 
if they exist, and dri{0, l)/dx 7^ 0, if rj{Q, 1) = 0. 

In order to compute the number of topological equivalence classes in VLpqm 
it is necessary to have some additional information about the normal form of 
the structural stable vector field X = {P,Q). They are given by the following 
proposition. 

Proposition 3. Let X = {P,Q) G Hpqm 7^ and ri{x,y) is given by (j2]). Then 
ri{x, y) is a (p, q)- quasihomogeneous polynomial of degree p + q + m — 1 having 
the form 

(4) v{x,y) = ^ Cijx'y^. 

pi+qj=p+q+m—l 

Suppose X G ^Ipqm 7^ 0j then there exist a unique integer r such that 

(a) if 77(0, 1) 7^ 0, ri{l, 0) 7^ then p + q + m — l = {r + l)pq with r > and 

r+l 



!=0 
r 



(5) P{x,y) = J2aiq,^r+i-i)p-ixV^'-'^''- 

1=0 

r 

Q{x,y) = J2b^r+i-i)q-i,ipX^''^'-'^'-'y 



1=0 



with ao,(r+i)p-i 7^ 0, &(.r+i)q-i,o 7^ 0, Co,(r+i)p 7^ 0, C(r+i)g,o 7^ 0; 
(b) if 77(0, 1) 7^ 0, ri{l, 0) = 0, then p + m — 1 = rpq with r > and 

V{x,y) = ^Qg,(,_i)p+i(x'')'(?/J')"-' I 



j=o 

'-^lg,(r~l)p\X ^ ^ ^ 

1=0 

Jr-l)q~l lp+1 

"(r-ljq-L,lp+L-^ 

1=0 

with ao,rp 7^ 0, &rQ_i,i 7^ 0, Co,rp+i 7^ 0, c^g,! 7^ 0; 



(6) P{x,y) = J]a,,,(,_Op(^'')'(?/")^ 

1=0 

r 

Q{x,y) = ^b(^r-i)q-i,ip+ix^' ''^ ^y^' 
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(c) if ri{0, 1) = 0, ri{l, 0) 7^ 0, then q + m — 1 = rpq with r > and 

(r N 

\z=o 

r 

Q{x,y) = J2hr-iwpi^r-\y'y, 
1=0 

with ai^rp-l 7^ 0, brqfi ^ 0, Ci^rp 7^ 0, Ci+rq,0 7^ 0/ 

(d) if 77(0, 1) = 0, ri{l, 0) = 0, then m — 1 = (r — l)pq with r > 1 and 

(r-l 
1=0 

(r-l 
1=0 

Q{x,y) = y Ij2hr-i-i),,i+i,{x^r'-\y' 

\l=0 

with ai,(,._i)p 7^ 0, &(r-l)g,l ^ Ci,(,._i)p ^ 0, Ci+(r._i)g,i 7^ 0. 

Proposition [3] says that, if X G fipqm then there is a non-negative integer r 
such that r satisfies at least one of the following equations: 

. . £i : p + q + m - 1 = {r + l)pq, £2 : p + m - 1 = rpq, 

^ ^ £3 : q + m — 1 = rpq, £4^ : m — \ = [r — l)pq. 

An interesting consequence of the above proposition is the following: there are 
p, q and m such that ifpgm 7^ but ^pqm = 0- This is proved by choosing the 
triple {p,q,m) such that there is no r satisfying any equation in 

Example. Let {p,q,m) = (1,7,2) and consider -^172. Since X = {ax^,hx^ + 
cxy) G Hn2 for each (a, 6, c) G M'^, we have ifi72 7^ 0. It is easy to check that 
there is no r satisfying any equation in ([9]) then ^172 = 0. 

Denote by 

(10) 6j = {(p, g,m) : there exists r satisfying £i\. 

We shall classify fip^m by Oj, i = 1,2, 3, 4, and study the number of equivalence 
classes in VLpqm- The following lemma shows what happens if {p, q, m) G 6j n 
Qj, j ^ i. It also tells us that if p = g = 1 (the homogeneous case), then (1,1, m) 
satisfies all equations in Qj. 

Lemma 4. Let Vi be solution of £i. If {p,q,m) G Oi fl G-,-, i 7^ j, then ri = rj. 
More precisely, 

(a) p = q = 1 if one of the following condition holds: 
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(a.l 
(a.2 
(a. 3 

(b) p = 
(b.l 
(b.2 

(c) q = 
(b.l 



{p, q, m) G ©1 n 64; 
(p,g,m) G ©2 n ©3; 

{p,q,m) satisfies three equations of (Q; 
1 if one of the following two condition holds: 
{p,q,m) G ©1 n ©2; 
{p,q,m) G ©3 n ©4; 

1 if one of the following two condition holds: 
{p, q, m) G ©1 n ©3; 
{p, q, m) G ©2 n ©4. 



(b.2) 

Ifp=l, (1, q, m) G ©1 n Q2(resp. ©3 n ©4^ X = (P(x, y), Q{x, y)) G fii^™ ^ 0, 
then X with ([6]) (resp. ([8]) ) can he changed into system ^ with ([5]) (resp. ^) hy 
the (1, q)-quasihomogeneous polynomial transformation y ^ y — Xx'^ , 7^ A G M. 

It follows from the above lemma that for given p, q and m, if there exists the 
number r, then it is unique and can not take different values, even if {p,q,m,r) 
satisfies two or more equations of ([9]). It also says that there exists a triple 
(p, q, m) such that (p, g, m) G ©j but (p, g, m) ^ ©j, j 7^ i. 

Based on Lemma |U without loss of generality, we assume that the following 
conventions hold, provided X G fip^m 7^ 0: 

(i) p = 1, if p = 1 or g = 1; 

(ii) In order to compute the number of topological equivalence classes in fipgrn, 
we consider the case (1, g, m) G ©1 (resp. ©3) if (1, g, m) G ©1 fl ©2 (resp. 
(l,g,m) G ©3n©4). 

Denote by Cpqm the number of topological equivalence classes in VL^q^- The 
following theorem gives us the value of Cpqm for each p, g and m. 

Theorem 5. Letr he an integer, defined in Proposition^^ andQpqm 7^ 0- Assume 
that the ahove conventions (i) and (ii) hold. 

(a) Suppose that hoth p and q are odd. 
(a.l) If r is odd, then 

(r+l)/2 



a 



1 + 



2n 



if (p,g,m) G ©i\|J©i 



pqm 



(r+l)/2 



i=2 



'^ + ^ $^(^2n + /2n), if (p, g, m) G |J ©i 

i=l n|i i=2 



where 



P2n = -\ 2^" - J] /P2^ I , /2n = 2"+^ 



n 



(a.2) //r eiJen, then 



pqm 



r/2 

-I+9E E (^2„ + /2n) 



j=l n|2j+l 
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:ii) 



where 

V2n = 



i (2" - E 



l\n,ly^n 



(b) Suppose that p is odd and q are even and V2n is given by (fTT]) . 

4 

(b.l) If {p,q,m)e ei\[je„ then 



i=2 



(r+l)/2 



pqm 



j=l n\2j 
r/2 

2 + E E 

i=l n|2i+l 



if r is odd, 



if r is even, 



(b.2) If{p,q,m) G 62, then 



a 



(r+l)/2 



pqm 



\ j=l n|2j 

1 / 

5 '■-2+E E^^ 



2n , 



if r is odd. 



if r is even. 



j=l n\2j+l 

(b.3) // (p, g, m) G 63 U 64, ^/ien 

'(r+l)/2 



pqm 



1 

2 



r/2 

-■-SH-E E 

j=l n\2j+l 



2n 



if r is odd. 



if r is even, 



Finally we have an extension of the Hartman-Grobman Theorem to vector 
fields in Hpg^. Before stating these results we need some notations. We say that 
two analytic vector fields X and Y are locally topologically equivalent at origin 
(resp. infinity) if there are two neighborhoods U and V of the origin (resp. the 
infinity) and a homeomorphism h : U ^ V that carries orbits of the flow induced 
by X onto orbits of the flow induced by Y, preserving sense but not necessarily 
parametrization (see for instance |17]). 

The next two theorems are extensions of the Hartman-Grobman Theorem at 
the origin and infinity respectively. 



Theorem 6. Let X = ^^Xj, where Xi = {Pi{x,y),Qi{x,y)) is a {p,q)- 



quasi- 



i>m 



homogeneous polynomial vector field of degree i if Hpgi 7^ 0, and Xi = (0, 0) if 
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Hpqi = 0, where i G {m,m + 1, ■ ■ ■ , }, m > 1. Suppose Xm G flpqm, then the 
phase portrait of X and X^ are locally topologically equivalent at the origin. 

Now we can get the analogous of Theorem [6] at infinity. 

m 

Theorem 7. Let X = ^^Xj, where Xi = (Pi{x,y),Qi{x,y)) is a (p,q)-qua- 

i=0 

sihomogeneous polynomial vector field of degree i if Hpqi ^ 0, and Xi = (0, 0) if 
Hpqi = 0, where i G {0, 1, ...,m}. Suppose X^, G ^pqm, then the phase portraits 
of Xm and X are locally topologically equivalent at infinity. 

The rest of this paper is organized as follows. In Section [2] we study the 
phase portraits of {p, g)-quasihomogeneous polynomials of degree m on Poincare- 
Lyapunov disk. In Section [3] we prove Theorem [2] which characterises the vector 
fields X G flpqm- In Section H] we compute the number Cpqm of topological equiv- 
alence classes in Qpqm- Theorem [6] and Theorem [7] are proved in Section [51 

2. Phase portraits of quasihomogeneous vector fields 

In this section we shall study the phase portraits of quasihomogeneous vector 
fields. 

As discussed before, one of our conventions is that, if X G Hpqm then {p, q) = 1. 
The next lemma shows that, if {p, q) > 2, then there exist a triple {p', q', m') with 
{p', q') = 1 such that X G Hp/q/m'- 

Lemma 8. Suppose {p,q) = k > 2 in then there exists a unique triple 
{p',q',m') with {p',q') = 1 such that system is a {p',q')- quasihomogeneous 
vector field of degree m' . 

Proof. Let p = kp', q = kq'. Since {p, q) = k > 2, we have {p', q') = 1. It follows 
from the definition of P{x, y) in ([T]) that kp' — 1 + m = kp'i + kq'j, which implies 
that k\m — 1. Taking m' = 1 + {m — l)/k, the statement follows. □ 

Lemma 9. Let X = {P,Q) G Hpqm ^ and consider the polynomial ri{x,y), 
defined by ([2]). 

(a) ri{x, y) is a {p, q)- quasihomogeneous polynomial of degree p + q + m — 1. 

(b) // //(x, y) = 0, then X = (P, Q) = {px, qy) . 

Proof. The statement (a) is a consequence of the fact that y) and Q{x, y) are 
{Pi q')-quasihomogeneous polynomials of degree m— 1+p and m— respectively. 
Now if ri{x,y) = 0, then pxQ{x,y) = qyP{x,y). As P{x,y) and Q{x,y) are 
coprime, follows that P{x,y)\x and Q{x,y)\y. The result (b) follows. □ 

The lemma bellow says that, as in the homogeneous case, there is no limit 
cycles if //(I, y) = has zeros, or 77(0, 1) = 0. 

Proposition 10. Let X G Hpqm 7^ 0- 

(a) If ri{0, 1) = 0, then x = is an invariant line for the flow of X ; 
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(b) // there exists A G M such that ri{l,X) = 0, then — X^x'^ = is an 
invariant curve of the flow of X ; 

(c) X has no periodic orbit if (a) or (b) holds. 

Proof. As P{x,y) is (p, g)-quasihomogeneous polynomial of degree p + m — 1 it 
follows that P(0,?/«) = ?/P-i+'"P(0, 1) = 0, if = r/(0, 1) = P(0,1). Therefore 
X = is an invariant line of X. 

Suppose there exists A such that ri{l,X) = 0. If A = 0, then = ri{l,0) = 
pQ{l, 0). So Q{x^, 0) = x'^~^^"^Q{l, 0) = 0. Therefore ?/ = is an invariant curve 
of X. Otherwise, let V{x,y) = y^ — X^x'^. Then 

dV 



dt 



= pX^-^x'^^P-^^^PQix, Xx'^/P) - qX^x'^'^Pix, A^P) 



= XP-\x^/Y'^"''\pQi'^, A) - gAP(l, A)) 
= XP^\x^/P)P''+"'-^r]{l, A) = 0, 

where x'^^^ := (x^^^)'^. This ends the proof of (b). 

From [16] system ([1]) has a unique singular point at the origin. If there exists 
an invariant curve passing through the unique singular point of system ([1]), then 
no limit cycle can surround the origin and the statement (c) is proved. □ 

To study the singular point (0,0) of ([T]), we introduce the {p, q) -trigonometric 
functions z{(p) = Cs0 and uj{(p) = Sn0 [151 IB] as the solution of the following 
initial problem 

z = -co^P-\ 6j = z^''~\ 2(0) = w(0) = 0. 

It is know that Gscj) and Sn</) are T-periodic functions with 

T=2p 2, ^ . 

and satisfies 

pCs'^ + gSn2> = 1, ^ = -Sn^P- V, ^ = Cs^"" 

d(j) d(j) 

For {p,q) = (1,1), we have that Cs0 = cos0, Sn0 = sin0, i.e. the (1,1)- 
trigonometric functions are the classical ones. 
In the {p, q) -polar coordinates (r, 0) 

(12) X = r^Cscj), y = r'^Sncj), 

the planar (p, g)-quasihomogeneous system ([1]) of degree m is written as 

r = r™P(0), = r™-^G'(0), 

with 

F(0) = ^ (Cs0, Sn0) , ^(0) = T] (Cs0, Sn0) , 
where ri{x,y) is defined in ([2]) and 

(13) e(a;, 2/) = x"^-'Pix, y) + y'^-'Qix, y). 
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Taking the change of coordinates 

(14) Q^M. 

^ ' dt ' r ' 

the above system goes over to 

(15) r' = rfie), e' = g{e). 

where prime denotes derivative with respect to s, 

(16) m^F(li\,,M-%o'^' 



It is easy to check that f{9) and g{9) are 27r-periodic functions. 

Now, we are able to prove Theorem [1] which discuss about the phase portrait 
of the vector fields in Hpgm, provided that ri{l,y) has no zero and ri{0, 1) 7^ 0. 

Proof of TheoremUi First we shall prove that ri{x, y) ^ for all (x, y) 7^ (0, 0). 
From Lemma [9](a) it follows that if x 7^ 0, then 

(17) vix,y) = ix'^V-'-'"'v{i,^), 

As 77(1, y) has no zero, we get ri{x, y) ^ from (|T7j) . provided that x ^ 0. 

In what follows we shall prove that 7/(0, y) 7^ 0. Suppose it does not happen 
and there exists y* ^ such that = r]{0,y*) = -qy*P{0,y*). So 

= P{0,y*) = {\y*\'/r~''~"'P{0,sgn{y*)). 

where 

r p(o,i), ifr>o. 

= P(0,sgn(2/*)) = <^ 

i p(o,-i), if r<o. 

If y* < 0, then for any y < 0, 

nO,2/) = (|2/r/T"'+'"^(0,-l)=0. 

As P(0, y) is a polynomial in the variable y and it is identically zero for y < 0, we 
have P{0,y) = and P(0, 1) = 0. Hence we conclude that if there exists y* ^ 
such that 77(0, y*) = 0, then r]{0, 1) = —qP{0, 1) = 0. This is a contradition with 
the hypotheses of this theorem. Therefore, ?7(0,?/) 7^ for y 7^ and one obtain 
r]{x,y) ^ for {x,y) ^ (0,0). 

Secondly we shall prove the statements (a) and (b). If ri{x,y) 7^ 0, then g{9) 7^ 
(see ([I6D). It follows from ^ that 

dr rf{6) 
and the first return map is given by 

roe^-, if /(0)^O, 



r(27r,ro) 



ro, if f{e) ^ 0, 
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where 

Ix 



9{0) 

and (ro, 0) is one point of the positive x-axis. From the first return map we deduce 
that if Ix = 0, then the origin is a center. If < (resp. Jx > 0), then it is a 
stable (resp. unstable) focus. 

To end this proof we must show that the sign of Ix is equal to the sign of Ix- 

Let X = Cs(f), y = Sn0. Then 



'T Jo G{<p) T Jp^2,+^y2p^^x^i-^ri{x,y) T ^ 
^{x,y) 



T Jo '-^iw / . 

where 

dy. 



_„-i/(2p) x'^i-'^r]{x,y) 



x=a'±=±p-l/(2<?) (l-qy2py/{2q) 



If p is odd and x 0, then 

(18) e(^'2/) = (^'^")'"'"'^'"^(l'^)' 

where C,{x,y) is defined in (fT3l) . It follows from (ITTll and (JTSll that 



g-l/(2p) ^j^-j^ _y 



1/ """'^ 



/(2p) x9/Pr7(l,?//x9/p) 

Let X = x± and m = y/x'^^^. Then = y^^/x^'^ and = m^^/ (j9 + qv^^). Hence 



e(l,«) 



xi/Pr][l, u) x=x+ 2py'^P ^ du \p + qu^^ 

P^(l,«) , 
-du. 



du 



, {p + qu'^P)r]{l,u) 

When p is odd, f lT7|) and f lTSj) are also true for x = x_. Using the same 
arguments as above, we get /_ = — /+ and hence Ix = 2/+. 



As 



, {p + gu2p)?7(l, u) 7/(1, u) p + qu'^P 

the statements (a) and (b) follows, provided that p is odd. □ 

Our next step is to consider the case where r]{l,y) has zeros or 77(0, 1) is zero. 
To this we consider the study of the finite and infinity singularities of X. 

To study with more details the singularities at infinity, we use Poincare- 
Lyapunov Compactification, see for instance [H]. First we blow up the system 
in the positive x-direction by 

1 u , z^-'^dt 

X = — , y = — , dr = , z > 0. 

zP zi p 
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This yields the vector field 

(19) ^ = -zP(l,u), ^ = v{l,u). 

CLT CLT 

Each point {z, u) = (0, A) satisfying ri{l, A) = is an infinity singularity of system 
(II]) and has its linear part given by 

P") ( g(l.A) 

Moreover, if P(l, A) = 0, then = 77(1, A) = pQ(l, A), so P(x, Ax^/p) = Q(x, Ax'/p) 
= for X > 0. Hence the algebraic curves P{x,y) = and Q{x,y) = have in- 
finite intersection points. As P{x,y) and Q{x,y) are coprime polynomials, it 
follows from Bezout theorem [10] that P{x, y) = and Q{x, y) = have finite in- 
tersection points on , what is a contradiction with our hypothesis. Therefore, 
P(l, A) 7^ if ?7(1, A) = but rj{l,y) ^ 0. Hence all singular points of system 
f ll9p are elementary. 

Second we blow up the system ([T]) in the negative x-direction using the trans- 
formation 

1 u , z^-'^dt 
X = , y = — ,dT = , z > 0. 

z'P z'^ p 

One gets 

(21) 

All points (0, A) satisfying ?](— 1, A) = are singular points of system (12T|) . Their 
linear part are given by 

P(-1,A) 



(22) 



-S(-1,A) 



du ^ 

The singular points of the system ( I2T!) are studied in the same way as the ones 
of system (fTOl) . Moreover all of them are elementary. 
Finally we blow up in the ?/-direction by 

V 1 , z^-'^dt 

X = — , y = ± — , dr = , z > 0. 

zP z'i q 

which yields two vector fields of the forms 

— d7 du 

(23) X^: - = TzQ{v,±l), - = tv{v,±1). 

We only need to determine whether the origin is a singular point of the vector 
fields X^. As 77(0, 1) = implies that x = is an invariant line of X (see 
Proposition [To]), one gets P{0,y) = and 77(0, —1) = gP(0, —1) = 0. Using the 
same arguments as above, it is proved that ri{0, —1) = implies //(0, 1) = 0. 
This yields that the origin is a singular point of system if and only if it is a 
singular point of system X^. We also have Q{0, ±1) 7^ if ri{0, ±1) = 0. Hence 
(0, 0) is elementary singular point of system X^ if //(O, ±1) = 0. 
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Lemma 11. Suppose that p is odd. 

(a) (0, A) is a singular points of system (fT9|) if and only if (0, (— 1)'^A) is a 
singular point of system ( 12T|) . Suppose that X is a zero 0/77(1, A) with 
multiplicity k, then 

(i) If k is even, then (0, A) and (0, (— 1)'^A) are saddle-node of system 
(fT9l) and (pT!) respectively; 

(ii) ifk IS odd and P{1, X){d''r]/du''){l, X) > 0, then{0,X) and {0, {-1)'^X) 
are saddles of system ( IT9l) and ( l2Tll respectively; 

(iii) z/A; od(iandP(l,A)(aV^w'')(l,^) < 0, P(l, A) > ("res;). P(1,A) 

< 0^, i/ien (0, A) zs a stable (resp. unstable) node of f|T9|) . and 
(0, (— 1)'^A) zs a unstable (resp. stable) node if m is even, a stable 
(resp. unstable) node of system fl2T]) if m is odd. 

(b) System has a singular point at (0, 0), if and only if system X"^ has a 
singular point at the origin, if and only if r]{0, 1) = 0. Moreover, suppose 
ri{0, 1) = 0, then there exists positive integers k, I such that m = {k — 
l)p+ {I - l)q + l, and 

(i) if k is even, then system X'^ (resp. X°°) has a saddle-node at the 
origin; 

(ii) if k is odd and Q{fd,l){d^rj/dx^){fd,l) < 0, then system (resp. 
X'^) has a saddle at the origin; 

(iii) ifk IS odd and Q(0, l){d^r]/ dx^){Q, 1) > 0, Q(0, 1) > (resp. Q(0, 1) 

< Oj, then system X'^ has a stable (resp. unstable) node at the 
origin, and X'^ has a stable (resp. unstable) node at origin if I is 
odd, a unstable (resp. stable) node at origin if I is even, respectively. 

Proof, (a) Since p is odd, it follows from (fT7|) that 

(24) r/(-l, (-l)'^A) = (-l)^+^-i+'"r^(l. A), 

which implies that 77(1, A) = if and only if ri{—l, (— 1)^A) = 0, and hence (0, A) 
is a singular point of system f lT^ . if and only if (0, (— 1)''A) is a singular point of 
system (12T|) . The equality (l24l) also yields 

(25) d^r^{-l,{-irX) ^ ( ^yfe„iw+^ A(l,A) _ 

Since P(-l, (-1)''A) = (-1)™P(1, A), the statements (i),(ii) and (iii) with k>2 
in (a) follow from Theorem 2.19 of j9]. If /c = 1, then all singular points are 
hyperbolic and the statement (a) follows from Theorem 2.15 of the same book 

m- 

(b) Using the same arguments as above, we get that system has a singular 
point at (0, 0), if and only if system X"^ has a singular point at the origin, if and 
only if 77(0, 1) = 0. 

Suppose that ri{x,y) has the form If 77(0, 1) = 0, then there are k and I 
such that pk -\- ql = p -\- q -\- m — 1, Cki and Cij = for i < k — 1, where 
k>l, 1>1. This gives {d''rj/dx''){0,±l) = A;!ch(±1)'. 

If 77(0,1) = 0, then P(0, 1) = 0, which implies that P{x,y) has a divisor x. 
On the other hand, Q{0, 1) = also means that Q{x,y) has a divisor x. Since 
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P{x,y) and Q{x,y) are coprime, we have that (5(0,1) 7^ if 77(0,!) = 0. The 
other statements in (b) follows by the same arguments as in the proof of (a). □ 

Before ending this part some comments are necessary. If p is odd, then it follows 
from IHM that (0, A) is a singular point of system ( fT9l) . if and only if, (0, (— 1)^A) 
is a singular point of system fl^T]) . Although the information found in the positive 
x-direction also covers the negative x-direction we have studied the behavior of 
both, positive and negative x-direction, because they will be convenience in other 
proofs presented of this paper. 

Now, using similar arguments and local charts we study the finite singular 
points of the system ([1]). It is important to observe that using (p, g)-polar coordi- 
nates changes one gets the vector field f|T5l) which is defined on x M. Although 
the cylinder §^ x R is good surface for getting the phase portrait near the ori- 
gin, it is often less appropriate for making calculations, since we have to deal 
with expressions of {p, g)-trigonometric functions. Hence we prefer to make the 
calculations in different charts. 

We are going to use the method of quasihomogeneous blow-up (see for instance 
[S]) in local charts to study the singular point (0, 0) of system ([T]). We first blow 
up the vector field in the positive x-direction by 

(26) X = x^, y = x^y, dr = , x > 0, 

p 

yielding 

(27) x = xP{l,y), y = r]{l,y). 

The points (0, A) satisfying 17(1, A) = are the isolated singular points of ( l27ll on 
the line {x = 0}. The system in these singular points has their linear part given 
by 

P(1,A) 
|(1,A) 

Since we have shown P(l, A) 7^ 0, all singular points of system (^7^ are elementary. 

Next we blow up the vector field in the negative x-direction, the positive y- 
direction and the negative ?/-direction, respectively. Then we obtain three systems 
whose singular points are elementary. Here we omit the details. 

After blown up the origin to the elementary singular points the singular point 
(0, 0) of ([1]) has been desingularized. After blowing down we get the phase portrait 
of system ([1]) near the origin. 

From the later considerations we have that the finite and infinite singularities 
of X are determined by the zeros of ri{l,y) or //(0, 1). The following proposi- 
tion guarantee that the invariant curves of the system ([1]) determine the phase 
portraits of system ([1]). 

Proposition 12. Suppose that L^,, Lx.^-^ are two consecutive invariant algebraic 
curve of system ([T]), defined in Proposition [TU Let Si and Sj+i be two singular 
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points at infinity corresponding to L\. and L\^^^ respectively. Then Lx- and L\^^^ 
are characteristic orbits at (0, 0) and determine one sector at the origin: 

(a) two consecutive parabolic sectors at infinity singular points Si and Si+i 
give a hyperbolic sector at (0,0), 

(b) two consecutive hyperbolic sectors at Si and Si^i give a elliptic sector at 
(0,0), and 

(c) one parabolic and one hyperbolic sectors at Si and Si+i give a parabolic 
sector at (0, 0). 

Proof. It follows from Lemma [TT] and the study of the phase portraits near (0, 0) 
that the singular points of X at the origin and at infinity are determined by the 
zeros of ri{±l,X) or whether ^^(0, 1) = 0. Moreover, from the Lemma [TT] and 
Proposition [TOl if A is a zero of ?7(±1, A) or ri{0, 1) = 0, then there is an invariant 
curve L which leaves (or going to) an infinite singular point and goes to (or leaves) 
the origin. So each pair of consecutive invariant algebraic curve Lx^ and i^Aj+i 
determines a local sector at the origin. □ 

It is important to comment that Proposition [TU| Lemma ITT] and Proposition [T^ 
are fundamental to describe the different phase portrait of the system ([T]). They 
will be very important tools in Section H] to calculate the number of topological 
equivalence classes in flpqm- In fact, the phase portrait of system ([1]) is determined 
by the zeros of equations 77(1, A) = and if 77(0, 1) = 0. Moreover, from the later 
proposition follows that, to describe the phase portrait of the system ([1]), it is 

df] 

enough to know the sign of the product P(l, A) ■ t;-(1. A) for each zero of rjil, A) 

dy 

and the sign of P(0, 1) ■ ^(0, 1), if r/(0, 1) = 0. 

dy 

3. Structural Stability 

In this section we shall prove the Theorem [2] which characterise the set ^Ipqm 
of the {p, g)-quasihomogeneous vector fields of degree m in the plane which are 
structurally stable with respect to perturbations in Hpqrn- As observed in the in- 
troduction we denote by E{X) the induced (or extended) vector field on Poincare- 
Lyapunov sphere and Hpqm has the coefficient topology. Then we shall say that 
two vector fields X and Y in Hpqm are equivalent if there exists an equivalence 
h between the induced vector fields E{X) and E(Y) on the Poincare-Lyapunov 
sphere. In our case it is redundant to required that the equivalence be near of the 
identity map because the Poincare-Lyapunov sphere is a manifold in the Peixoto 
condictions and the coefficient topology is equivalent to the topology. 

So we can start the prove of the Theorem [2J 

Proof of Theorem Assume that X G Hpqm is structurally stable with respect 
to perturbations in Hpqm- Let us prove that (a) and (b) happen. If ri{l,y) has 
no zero and 77(0, 1) 7^ 0, then it follows from Theorem [1] that the origin of the 
system ([1]) is a global center if Ix = 0, and a global (stable or unstable) focus if 
Jx 7^ 0. If Jx = then there exists a vector field Y in any neighborhood of X in 
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Hpqm such that the phase portrait of y is a global focus. Therefore X is not a 
structural stable vector field with respect to perturbations in Hpqm- This yields 
that if X G Hpqm, then Ix 7^ 0, i.e., the condition (a) is satisfied. 

Moreover, the origin is the unique singular point of system ([T])[T6], and the 
phase portrait of X is completely determined by the zeros of ri{l,y) and 77(0, 1) 
(see Lemma [TT] and Proposition [T2|) . If r]{l,y) has a zero or ri{0, 1) = 0, then it 
follows from Proposition [TOT c) that there is no periodic orbits in the set of all 
solutions of the system ([T]). 

If ri{l,y) has a multiple zero then, by Lemma [TTl we conclude that there 
exists vector field F in a neighborhood of X in Hpqm such that X and Y have 
different number of sectors. So X is not structural stable with respect to Hpqm- 
If ?7(0, 1) = and dri{0,l)/dx = 0, then by the same arguments we get that 
X is not structural stable with respect to Hpqm- Therefore, the condition (b) is 
satisfied. 

Now, we assume that (a) or (b) are satisfied and we shall prove that X is 
a structurally stable vector field with respect to perturbations in Hpqm- First 
we suppose that (a) is true. Then there exists a neighborhood V oi Y and a 
neighborhood of X in Hpqm such that if y* E V then //(I, y*) 7^ and for all 
Y E W we have sign{Ix) = signlly)- Then it follows from Theorem [T] that X 
and Y are topologically equivalent and X is structurally stable with respect to 
perturbations in Hpqm- 

Assume that there are s points (!,?/«) such that ri{l,yi) = or ri{0,l) = 
and that these zeros are simple. There exists a neighborhood of X in 
Hpqm such that if y = (Py, Qy) G U then there are exactly s points such 
that ?7y(l,A*) = or ri{0,l) = 0. We can choose this neighborhood such 
that sign{Pdri/du){l, Xi) = sign{PYdr]Y / du){l,\*)), and if ?7y(0, 1) = then 
sign{Qdri/dx) (0,1) = sign{QYdriY/dx) (0,1)- By Lemma [TT] and Proposition [T^ 
each vector field Y E U has the same local sectors as the vector field Y. So they 
are topologically equivalent and we conclude that X is structurally stable with 
respect to perturbations in Hpqm- □ 

Here we shall present a concrete example. 

Example 13. Let p = 1, q = m = 2, then H122 is non empty. In fact if 
X e H122 then X can be written in the form X(x, y) = (aix^ + a2y, a^x^ + a^xy) 
with (01,02,03,04) G M''\(0, 0, 0, 0). The question is, what are the conditions 
to X to be structurally stable? By the direct computation we have r]{x,y) = 
03X'^+(o4— 2oi)x^?/— 2o2?/^. It follows from Theorem\^that X G ^122 if and only if 
the following conditions holds: (i) a2 ^ 0, 401 + 04 + 4(0104 + 20203) < 0, Ix ^ 0, 
(a) a2 ^ and Aal + o| + 4(oi04 + 202O3) > 0. 

So the vector field Xi(x, y) = {x^ — y/2, x^ + 2xy) and X2(x, y) = {x^ — y, 2x^ — 
3xy) are structurally stable vector fields. They are non equivalents and their phase 
portrait are given in Figure 1. The vector field Xi has a global unstable focus at 
the origin. On the other hand, X2 has four singular points at infinity, two stable 
and two unstable nodes, therefore, we observe four hyperbolic sectors at origin. 
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(a) (b) 



Figure 1 . Phase portraits of Xi and X2 in the Poincare-Lyapunov disc 

4. The number of topological equivalence classes in ^Ipgm 
In this section we compute the number of topological equivalence classes in 

Proof of Proposition\^ By Lemma [9] 17 (x, y) is a (p, g)-quasihomogeneous poly- 
nomial of degree p + g + m — 1 having the form (jlj). Then (i, j) in (jlj) is a solution 
of the equation 

(28) pi + qj = p + q + m — 1. 

The pair is called an integer (resp. non-negative integer) solution of fl28|) if 
i and j are integers (resp. non-negative integers). If (^o^ Jo) is an integer solution 
of f l28|) . then all the other integer solution are 

{{io + Iq, jo -Ip) -.1 E Z}. 

If ri{0, 1) 7^ 0, 77(1, 0) 7^ 0, then the equation has two integer solutions (0, j') 
and {i',0) satisfying qj' = p + q + m — 1 and pi' = p + q + m — 1 respectively. Since 
{p, q) = 1, we have pq\{p+q+m — l). Hence there exists r such that p+q+m — 1 = 
(r + l)pq. Let («o, Jo) = (0,/) = {0,{p + q + m- l)/q) = (0, (r + l)p). Then all 
non-negative integer solution of fl28|) are {(Zg, (r + 1 — /)p) : / = 0, 1,2, ■ ■ ■ ,r + l}, 
which yields rj{x, y) has the form, defined in ([5]). On the other hand, if 77(0, 1) 7^ 0, 
7/(1,0) ^ 0, then P(0, 1) ^ 0, Q(l, 0) ^ 0. This gives that q\{p + m - I) and 
p\{q + m — 1). As (p -|- 772 — l)/g = {p + q + m — l)/q — 1 = (r + l)p — 1 and 
{q + m — \)/p = {p + q + m — l)/p — 1 = (r + l)q — 1, we get that P{x, y) and 
Q{x, y) has the form, defined in ([S]), by the same arguments as above. 

Suppose that 77(0, 1) 7^ 0, 77(1, 0) = 0. As X G Vtpqm, it follows from Theorem 
|2] that 7/ = is a simple zero of 7/(1,7/). By the assumption, the equation (128|) 
has two integer solutions (0, j'), (i', 1) respectively and cqj' 7^ 0, 7^ 0, which 
implies that g|j9 + 7n — l and p|7?i — l. l^ei m — 1 = k'p. Then p + m — 1 = {k' + l)p. 
Since (p, g) = 1 we have g|(A;' + 1). Hence there exists r such that p + 771 — 1 = rpq. 
All non-negative integer solution of fl28|) are {/g, (r — /)p + l : / = 0,1,2,-- - ,r}, 
which yields that 7/(x,7/) has the form in (E]). On the other hand, if 7/(0, 1) 7^ 0, 
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r]{l,0) = 0, then P(0, 1) ^ 0, (5(1,0) = 0. We get P{x,y) and Q{x,y), defined 
in ([H]), by the same arguments as above. 

If ri{0, 1) = and ri{l, 0) ^ 0, then ([28D has two integer solutions (1, j'), (^', 0) 
and X = is a simple zero of t]{x, 1). Using the same arguments as above, we get 
(c). 

If 77(0, 1) = and ri{l, 0) = 0, then (128|) has two integer solutions (1, j')) (^') 1) 
and X = and y = are simple zeros of r]{x, 1) and ri{l,y) respectively. Using 
the same arguments as above, one gets (d). □ 

Proof of Lemma\^ For the first part of this lemma, we only prove the case (a.l). 
Other results are proved by the same arguments. 
If (p, q, m) G 61 n 64, then 

p + q + m — l = {ri + l)pq, m — 1 = {r^ — l)pq. 

Eliminating m from the above equations, we get 

(29) p + q = (ri - r4 + 2)pq, 

which implies p\q. Since we suppose {p,q) = 1, one obtains p = 1. Substituting 
p = 1 into (!29|) . we have 1 = {ri — + l)q. Therefore q = 1 and ri = r4. 

The second part of this lemma is proved by direct computations. □ 

Proposition 14. Let p, q, m, r be the integers defined in Proposition\^ 

(a) Suppose that p and q are odd, then m is odd (resp. even) if and only if r 
is odd (resp. even), 

(b) Suppose that p is odd and q is even. 

(i) // (p, q, m) G 61 U 02, then m is even, 

(ii) // (p, q, m) G 63 U 64, then m is odd. 

Proof. Suppose (p, g, m) G Oi, then p + g + m— 1 = (r + l)pq. If p and q are 
odd, then p + q—1 is odd. As m = (r + l)pq — (p + g — 1), we have that m is odd 
(resp. even) if and only if r is odd (resp. even). If p is odd and q is even, then 
p — 1 is even, which implies that m = (r + l)pq — q — {p — 1) is even. 

The other statements can be proved by the same arguments. □ 

Proposition 15. If X G ^Ipqm, then there exists a number k such that X has 
2k singular points at infinity with k < r + 1 and k = r + 1 (mod 2), where r is 
defined in Proposition^^ 

Proof. Consider the quasihomogeneous polynomial ri{x,y), defined in @. Since 
p is odd, ri{l,y) has at most r + 1 real zeros if //(0, 1) 7^ and r real zeros if 
ri{0, 1) = 0. On the other hand, a; = is a simple zero of ri{x, 1) if //(0, 1) = 0. 
The statement follows from Lemma [TTJ □ 

Let 

^pqm = ^ ^pqm '■ E{X) has 2k singular point at infinity} 
The following corollary follows from Proposition [13 
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Corollary 16. Suppose that r is as defined in Proposition [3 then fipgm 
Ufcej,„.. ^fqm, where 

f, r + 1 

Jm,r =lk = 2j: < J < ^- 

if r is odd, and 

J^,r= {k = 2j + l: 0<j<^}. 
if r is even, respectively. 

If X and Y are two topological equivalent vector fields in flpqm, then they 
have the same number of singular points at infinity. Let C^^^ be the number of 
topological equivalence classes in If = 0, then by Theorem [1] C^^^ = 2 

(a global stable focus and a global unstable focus). It follows from Corollary [16] 
that 



(30) Cpgm — ^ ] C*) 



k 

pqm' 



To convenience, we call A = +oo (resp. A = — oo) a simple zero of ri{l,u) 
(resp. ?7(— 1,-u)) if ri{0,l) = (resp. ?7(0, — 1) = 0) and dr]{0,l)/dx ^ 0. Define 
sgn{dri{±l, ±oo) /du) = —sgn{dri{0, ±1) /dx) if //(O, ±1) = 0. In what follows we 
suppose that Ai, A2, ■ ■ ■ , Ajt are zeros of //(I, u) and A^+i, Xk+2, ■ ■ ■ , are zeros 
of //(— 1,m) with —00 < Ai < A2 < ■ ■ ■ < Afc and +00 > A^+i > Xk+2 > ■ ■ > X2k 
respectively, provided X = {P, Q) E Q 



2k 

pqm' 



Proposition 17. Let X = (P, Q) G Then 



(a) {dr]{l, Xi)/du){d7]{l, Xi+i)/du) < 0, ^ = I, 2, ■ ■ ■ , - I, > 2; 

(b) {dr]{-l, Xi)/du){dr]{-l, Xi+i)/du) < for i = k + 1, ■ ■ ■ ,2k - 1, k>2; 

(c) P(l,A,) ^ 0, i = 1,2,--- ,k, tf Xk +00, andP{-l,Xi) 7^ 0, z = 
k + 1, - ■■ ,2k, if X2k 7^ -00; 

(d) Q(0, ±1) ^ z/ r/(0, ±1) = 0; and 

(e) {dr]{l,Xk)/du){dr]{-l,Xk+i)/du) > 0, {dr]{l, Xi)/du){d7]{~l, X2k)/du) > 
0. 

Proof. As X G flpqm, all zeros of ri{±l,u) are simple. The statements (a) and (b) 
follow if Afc 7^ +00 and X2k 7^ —00. 

Suppose Afc = +00, which yields ^^(O, I) = and ri{l,u) 7^ for m > Xk-i- 
Proposition [3] shows that r}[x,y) has the form as ([7]) or ([H]). If <9?7(l, Xk-i)/du > 
, then ri{l,u) > 0, u E (Afc_i,+oo). This implies either Ci^rp > in ([7]) or 
ci,(r-i)p+i > in ([8]). Since either drj^O, l)/dx = ci^rp or dri{0, l)/dx = ci,(r-i)p+i 
happens and sgn{dri{±l, ±00) /du) = — sgn(9?7(0, ±l)/dx), one gets (a) ioi i = k 
if dr]{l, Xk-ijjdu > 0. By the same arguments we get dr]{l, Xk)/du > if A^ = 
+00, drj{l,Xk-i) / du < 0. This proves (a). 

If X2k = —00, then ri{—l,u) 7^ for m G (— oo,A2fc-i)- Repeating the same 
arguments as the proof of (a), one gets (b). 

The statement (c) and (d) have been proved in Section [2J 
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Finally we prove (e). Suppose that ri{x, y) has the form ([5]). From the definition 
of Afc and A^+i we have ri{l,u) 7^ in the interval (A^, +00) and ri{—l,u) 7^ in 
the interval (A^+i, +00) respectively. If ri{x,y) has the form ([5]), then 

which gives sgn?7(l, u) = sgn?7(— 1, u) as u — > +00. As A^ and Xk+i are simple zeros 
of vi^^'^) ri{—l,u) respectively, one gets 

{dri{l, \k)/du){dr]{—l, Xk+i)/du) > 0. On the other hand, sgn?7(l, u) = sgn?7(— 1, u) 
as M — )■ —00, which implies {dri{l, Xi) /du){dri{—l, X2k) / du) > 0. 

Suppose that ri{x,y) has the form ([7]), then A^ = +00, X2k = —00, and 

7]{x, ±1) = a;(ci,,p(±l)^'P + Ci+,,(,_i)p(±l)(^-i)Pa;« + ■ ■ ■ + Ci+,,,oa:^^), 

which yields sgn{dri{±l,±oo)/du) = —sgn{dri{0,±l)/dx) = — sgn(ci rp(±l)'"^). 
As 

V{±l,u) = (±l)(ci,,X'' + ci+,,(._i)p(±l)%('-^)*' + ■ ■ ■ + Ci+,,,o(±l)^^), 

sgn(77(-l,M)) = -sgn(ci,rp) forw G (Afe+1,+00) and sgn(?7(l, m)) = sgn(ci,rp(-l)''^) 
for u G {—00, Ai) respectively, which shows that sgn((9?7(— 1, Xk+i)/du) = — sgn(ci^.rp) 
and sgn(9?7(l, Ai)/9m) = — sgn(ci,r.p(— 1)'"^). The statement (e) follows. 

If ri{x, y) is defined as ([6]) or ([8]), then one gets (e) by the same arguments. □ 

Let S be the set of all sequence (a, z/) = z/j)}jgz such that cxj, i/j G { — 1,1} 
and (Tiai+i < for all i G Z. For each G N we denote 

S^'' = {{cr,u) e S : {ai, Ui) = {(Ti+2k, i^i+2k), for all i eZ}. 

A sequence (a, z/) is periodic of period I (or I -periodic) if I is the smallest natural 
number such that (o"j,z/j) = (crj+;, for all i E Z. Obviously each sequence 
(cr, u) in S'^'^ is periodic and is completely determined if the elements (uj, z/j) are 
given for i = 1, 2, ■ ■ ■ , Z. As criO'iJ^-i = —1, the period / is an even divisor of 2k. 

The above notations have been used in the study of the homogeneous vector 
fields in pT]. 

From Proposition [T7] we can associate a sequence of S'^'^ to each vector field 
X G by taking 



(31) {ai, Ui) = I 



( sgii 
( sgn 

( sgn 
( sgn 
( sgn 
( sgn 



^),sgn(-P(l,A„)) 
^),sgn(-P(l,A,,)) 
::MU)),sgn(-g(0,l)) 
^^^),sgn(P(-l,A.)) 
^^^),sgn(P(-l,A.)) 
^^^^(°^^sgn(Q(0,-l)) 



i = l,2,--- ,k-l■ 
ii i = k, Afc 7^ +00; 

ii i = k, Xk = +00; 

i = k + 1,--- ,2k - 1; 
if i = 2k, X2k 7^ -00; 



dv 



ifi = 2k, X 



2k = -00, 
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where ri{v,u) is defined by (|2]). 

Proposition 18. Let X = (P, Q) e ^p^rn '"^^^^ ^ k G Jm,r o,nd let {a, u) be the 
sequence associated to X according to (13T|) . 

(a) Suppose that both p and q are odd, then {ai^k,^i+k) = {~^)"^^^{<^i,^i) for 
z = 1, 2, ■ ■ ■ , fc; 

(b) Suppose that p is odd and q is even. 

(i) 7/77(0,1) ^ 0, then m is even and {a2k-i+i,i^2k-i+i) = -{ai,Ui) for 
i = 1,2,--- ,k. 

(ii) lfr]{0, 1) = 0, then m is odd, (cT2fe-i, ^2k-i) = {<^i, i^i) fori = 1,2, - ■ ■ ,k- 
1, and {a2k,J^2k) = {—'^)''^^{o'k,^k), where r is defined in (c) or (d) 
of Proposition O 

Proof. It follows from Lemma [TT] (or f l2^ ) that if //(I, Aj) = 0, i = 1, 2, ■ ■ ■ , A; 
and Afc ^ +00, then ^^(-l, (-l)^Ai) = 0. 

(a) Suppose that both p and q are odd. As Ai < A2 < ■ ■ ■ < A^, we 
have (-l)«Ai > (-1)«A2 > ■■■ > (-l)''Afc, which implies Xi+k = (-l)'^Ai, i = 

1, 2, ■ ■ ■ , fc. As P(-l, A,+fc) = P{{-iy, = {-irP{l, we get (a,+fc, z/,+fc) = 

(-l)™-i(ai, z/,) from ([25]) for i = 1, 2, ■ ■ ■ , A; - 1, and for i = A; if A^ ^ +cx) . 

If Afc = +00, then it follows from Lemma [TT] 7^(0. 1) = ri{0,—l) = 0, which 
implies that ri{x,y) has the form as ([7]) or (|H]). If vi^yV) is defined in ([7]), then 
977(0, ±l)/dx = Ci rp(±l)^^ = Ci rp(±l)'" and g + m — 1 = rpg. By Proposition [Til 
977(0, ±l)/9x = clrp{±ir- As Q(0,-1) = (-l)^-^+"^Q(0,l) = (-irg(0,l), 
one gets {a2k,i^2k) = (-l)™"Hcrfc, i^^). 

If 77(x, y) is defined in ()8]), then we get {a2k, ^2k) = {—^)"^~^{o'k, ^k) by the same 
arguments. 

(b) Suppose that p is odd and q is even. If //(0, 1) 7^ 0, then A2fc-i+i = 
Aj. By the same arguments we get {a2k-i+i, i^2k-i+i) = (-l)"'~H^j5 '^j) ^ = 
1, 2, ■ ■ ■ , /c. On the other hand, if 77(0, 1) 7^ 0, then it follows from Proposition E] 
and Proposition ITW b) (i) that m is even. This proves (i). 

If 77(0, 1) = and q is even, then it follows from Proposition E] and Proposition 
[TW b)(ii) that 771 is odd and A^ = — A2A: = +00. By the same arguments as (a), 
we have A2fe-j = Xi and hence {a2k-i, V2k-i) = (en, i^j) for 7 = 1, 2, ■ ■ ■ , - 1. 

If ri{x,y) is defined in ([7]), then it follows from ([7]) that dri{0,±l)/dv = 

Cl,^p(-l)^ Q(0,±1) = 6o,rp(±l)^ which gives {(T2k,l^2k) = (-l)''"H(Tfc, Z/fc). If 

T]{x,y) has the form (|8]), then we get (ii) by the same arguments. □ 

Following the idea in |T7], we say that (o", z/) is m- admissible if there exists 
X G f^pg^ satisfying f lST]) for given pair (p, g). Denote by S"^ the set of all 
sequence in S"^^ that are 7n-admissible. 

The next two propositions characterize the sequences in S"^^ that are m-admissible. 
It follows from Proposition |3] that, if X G ^pqm, then it is only necessary to con- 
sider the numbers p, q, m and r that satisfy one of the equations in (|9]). 

Proposition 19. Suppose that r is defined as in Proposition\^ Denote by s the 
number of changes of sign in the sequence {z/i, z/2, ■ ■ ■ , z/^}. Let 7^ G Jm,r o-nd 
(cr, z/) = {(cTi,z/i)}ig2; verifying 
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(i) (cTi+fc, Ui+k) = (-l)"'"-^(cri, Ui) if both p and q are odd, 

(ii) (cr2fc_i+i, z/2fc-i+i) = -{cri,Ui) if p is odd and q, m are even, 

(iii) ia2k-i,T^2k-i) = {(Ti.Vi) fori = 1,2, ■■■ ,A;-1 and {(T2k,^2k) = {-lY~'^iak,Vk) 
if p, m are odd and q is even. 

Then 

(a) // either k<r + lork = r + l, s < r, then {a, v) is m- admissible. 

(b) If k = r + 1, s = r , then (a, z/) is m- admissible if and only if there exists 
j G Z such that aj = Uj . 

Proof, (a) To prove the statement (a) it is sufficient to find X = {P{x, y), Q{x, y)) 
such that X e fi^J^ and is fulfilled for i = 1,2, ■ ■ ■ , k. 

We note that k < r + 1 implies s < r. 

Case 1. {p,q,m) G 6i. 

Let Ai < A2 < ■ • ■ < Afe be the finite real numbers with A^ 7^ 0, j = 1,2, ■ ■ ■ ,k 
and 

k 

7]{X, y) = a(x2'? + y^P)(r+l~k)/2 Y^^yp _ ^P^g) 

i=i 

with a G M, a 7^ 0. Since k G Jm.,r, it follows from Proposition [15] that (r + 1 — 
k)/2 G N, and hence rj{x,y) is a {p,q) quasihomogeneous polynomial of weight 
degree p + g + m — 1 = (r + l)pq, which implies that r]{l, u) has simple real zeros 
Ai, A2, ■ ■ ■ , Afc. Furthermore, 

k 

^^^ = apAr(l + Af)(^^^-'=)/^ n(^'-^')^0' . = 0,l,.-.,fc. 

If we choose a = ±1 in such way that sgndrjil, Xi)/du = ai, then ri{x, y) satisfies 
sgndriil, Xi)/du = ai, i = 1,2, - ■ ■ ,k. 

To determine P{x,y) we choose /x, G (Aj,Aj+i) if uj 7^ ^j+i- So we obtain s 
real numbers fii < fi2 < ■ ■ ■ < Us, where s is the number of changes of sign in the 
sequence {z/i, 1^2, ■■ ■ , ^k}- Let 

s 

h{x,y) = l[{y^-f,^x^). 

i=l 

If sgn(a/i(l, Ai)) = — z/i , then define 

(^2<? ^ y2pYr-s-i)/2(^yp + (1 _ A?)2;«), if r - s is odd, 
(x^'' + ?/2p-)(r--s)/2^ if r — s is even. 

If sgn(a/i(l, Ai)) = ui , then 

. (x29 + y2p)(^-^-i)/2(^P_ (1 + if r- sis odd, 

"l^;, - I ^^2<? ^ ^2p)(r-s-2)/2(^p + _ A?)s'')(yP - (1 + X^x^), if r - s is even. 

Define P{x,y) and Q{x,y) as follows 

^(a;, y) = --a{x, y)h{x, y)y^~^, Q{x, y) = — (r/(x, y) + qyP{x, y)). 
q px 



a{x,y) 



24 REGILENE D. S. OLIVEIRA AND YULIN ZHAO 

As ri{0,y) + qyP{0,y) = 0, Q{x,y) is also a polynomial. It is easy to prove that 
X = (P, Q) is a (p, g)-quasiliomogeneous vector filed of degree m. From Theorem 
[2] and Proposition [18] it follows that X G f^pg^ ^^^l (a, z/) associated to X verifies 
either (i) or (ii). Therefore (cr, z/) is m-admissible. 
Case 2. {p,q,m) G 62. 

Let Ai < A2 < • ■ ■ < Afc be the finite real numbers with G {Ai, A2, ■ ■ ■ , \k}- 
Without loss of generality suppose A; = 0. Let 

k 

V{x,y) = a(x2« + y2p)(-+i-fc)/2^ JJ d/^-Afx"), 

P{x,y) = -\{x,y)h{x,y), 

where a = ±1, a{x,y), h{x,y) are defined in the same way as in Case 1. Define 
Q{x,y) by the equation ([2]). Using the same arguments as in Case 1, X = 
{P,Q) G fipqrn cind (o", z/) associatcd to X verifies either (i) or (ii). Therefore 
(cr, u) is m-admissible. 
Case 3. (p, q, m) G O3. 

Let Ai < A2 < ■ ■ ■ < Afc_i be the finite real numbers with Aj 7^ 0, i = 
1, 2, ■ ■ ■ , A; — 1, \k = +00, and 

fc-1 

y) = axix^" + y^pY^+^-i^y^ _ Afx"), 

i=l 

where a is chose in the same way as in Case 1. If sgn{ah{l, Xi)) = —ui , then 
define 



a{x,y) 



(x^" + y2p)(r-.-i)/2^ if r - s is odd, 

(x2<? + y2pyr-s-2)/2(^^p + (1 - A?)x''), if r - s is even. 



If sgn(a/i(l, Ai)) = z/i, then 

-a;«(a;2'' + ^2p)(r-s-3)/2(^^p ^ _ A?)x«), if r - s is odd, 



a{x,y) 
Let 



_rji,q(^rj,2q _|_ j/2p-j(r s 2)/2^ if r — S is eVCU. 



^(a;, y) = --xyP ^a{x, y)h{x, y), Q{x, y) = —{v{x, y) + qyP{x, y)), 
q px 

where h{x,y) is defined as in Case 1. Using the same arguments as in Case 1, 
X = (P, Q) G fipgm ^iid (cr, z/) associated to X verifies either (i) or (iii). Therefore 
(cr, z/) is m-admissible. 
Case 4- (yP, Q, m) G 64. 

Let Ai < A2 < • ■ • < Afc_i be the finite real numbers with G {Ai, A2, ■ ■ ■ , Afe_i}, 
and Afe = +00. Without loss of generality suppose A; = 0. Let 

fc-1 

rj{x,y) = axy{x''' + y'n'^^'+'-'y' J] (^/'-^f^')' P{x,y) = --xa{x,y)h{x,y), 
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where h{x, y) and y) are defined as in Case 1 and Case 3 respectively, a = ±1 
is chose such that sgn9?7(l, Xi)/du = ai. Define Q{x, y) by the equation ([2]). We 
get a a (p, g)-quasihomogeneous vector filed X = (P, Q) of degree m which is 
structurally stable. The sequence (cr, z/) associated to X verifies either (i) or (iii). 
Therefore {a, v) is m-admissible. 

(b) Let k = r + 1, s = r. Suppose that (a, z/) is m-admissible, then there exists 
X = {P,Q) G ^pgm such that (cr, z/) associated to X verifies one of (i), (ii) and 
(iii) and r]{x,y), P{x,y), Q{x,y) have one of the forms listed in Proposition [21 

If ri{0,l) 7^ 0, ?7(1,0) 7^ 0, then ri{x,y) has the form which implies that 

77(1, m) = a 111=1 (""^ ~ K)^ where Ai < A2 < ■ ■ ■ < Xr+i with Aj 7^ 0, i = 
1, 2, ■ ■ ■ , r + 1 and a G M, a 7^ 0. This gives 

r+l 



V{x, y) = {x'/r^^+^-'v (l' ^) = « n(^' - 

1=1 

Since s = r, P{l,y) has r real zeros which belongs to the interval (Ai, Afc+i). It 
follows from ([5]) that P{x,y) is necessarily of the form 

P{x, y) = h ^n(y^ - /^fa;^) j Ai < /^i < A2 < ■ ■ ■ < A,. < /i,. < A,+i, 

with 6 G M, 6 7^ 0. Q(x, y) is defined by the equation ([2]). Hence we have //(0, 1) = 
a = —qb = — gP(0,l). Therefore cxi = sgn(9r7(l, Ai)/9m) = sgn((— l)'^a) = 
sgn((-l)'^+i6) = -sgn(P(l,Ai)) = u,. 

If 77(0, 1) = 0, 77(1, 0) 7^ 0, then //(I, u) has r + l zeros Ai < A2 < • ■ ■ < A^ < 
Ar+i = +00 with Aj 7^ 0, i = 1, 2, ■ ■ ■ , r. By the same arguments as above, we 
have 

r /r—1 \ 

V{x, y) = ax \{{y^ - Afx^), P{x, y) = hx{ \{{yP - /xfx'^) y^-^ 

i=l \i=l J 

with a6 7^ 0, a, 6 G M, and Ai < /xi < A2 < ■ ■ ■ < /ir-i < K- < +00. This gives 



-(«ri(l/"-AM + g6 (n(y^ 

^ V 1=1 \i=i 




Qix,y) 

P 

Hence Ur = sgn(-P(l, A,.)) = sgn(-6), z/^+i = sgn(-(5(0, 1)) = sgn(-a - 
qb). Since we suppose s = r, we have z^rZ^r+i = —1, which implies ab < 0. 
This yields ai = sgn{dri{l, Xi) /du) = sgn(a(— 1)''"^), ui = sgn(— P(l, Ai)) = 
sgn(— 6(— 1)''"^). Finally, one gets ai = ui. 

If either //(0, 1) 7^ 0, //(I, 0) = or 77(0, 1) = //(I, 0) = 0, one gets ai = z^i by 
the same arguments. 

Conversely, if (Xi = vi and fc = r + l,s = r, then there exist the vector field 
X = (P, Q) such that (a, u) verifies one of (i), (ii) and (iii), where P(x, y), Q{x, y) 
are defined as above. This finishes proof. □ 

Proposition 20. Let 7^ /c G Jm,r andX, X' G Vt^p^rn- Denote by (a, z/), (a', u') G 
5^ the sequences associated to X and X' respectively. Then X and X' are 
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topologically equivalent if and only if there exists tGN (() < t < 2k — 1) such 
that one of the following conditions is satisfied for all z G Z; 

= (cr2fe-i+l+T' ^2fc-i+l+r)- 

Proof. The statement is proved by following the arguments in the proof of Propo- 
sition 11 of H?]. □ 

Let w = (o", z/) = {wi = (aijUi), i E 1^} E S"^. It follows from Proposition [T9] 
that the sequence w = {wi = (aj+i, i/j+i), i G Z} also belongs S^. Define the 
application 



' m m 
:2k mfn.A i-U^ r^f C2A: 



such that if w = (a, z/) G S'^, then y{{w) is the sequence of verifying 
(32) = Wi+i for all i G Z. 

Whenever / : A — )■ A is an arbitrary application then a G A is called a l-periodic 
point of / if /'(a) = a and /*(a) 7^ a for z = 1, 2, ■ ■ ■ , Z — 1. The integer / is 
called the period of a. The set C = {a, / (a), ■ ■ ■ , /^~^(a)} C A is a cycle of order 
I (l-cycle) of / if a G A is a Z-periodic point of /. These notation can be found in 
many papers, see for instance fTf] . 

From ( l32l) w G is a /-periodic point of $K if and only if w is a /-periodic 
sequence. Therefore C C is a /-cycle of 9^ if there exists a /-periodic sequence 
w G such that C = {w, ^(w), ■ ■ ■ , 9^'~"^(w)}. Each sequence w G belongs 
to some cycle of order / of Di where / is an even division of 2/cjl7j. 

Define the application 

yiy . q2k , q2k 

where if w G S'^ then '^{w) is given by 

{^{w))i = W2k-i+l- 

By the definition we know that is the application that reverses the order of the 
elements (ai, z/i), (aa, 1^2), ■ ■ ■ , (c^2fc, ^2k)- 

The following two propositions have been obtained in [17] for homogeneous 
polynomial vector fields. They can be proved in the same way for [p, g)-quasi- 
homogenous polynomial vector fields. Here we omit the details. 

Proposition 21. Let ^ k E Jm,r- The following statements are true: 

(a) \[/ o M/ = Id; 

(b) ^o<H = 9^-1 o^. 

Proposition 22. Let ^ k E Jm,r and X, X' E ^^gm- Denote by w and w' 
the sequences of S"^ associated X and X' respectively. Then X and X' are 
topologically equivalent if and only if either w and w' , or w and \E'(w') belong 
to the same cycle of Dl. 
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Following the idea in [17] , we define in S"^ the equivalent relation: w ^ wii and 
only if one of the sequences w and '^{w) belongs to the cycle {w, ■ ■ ■ , 

According to Proposition [221 the number of equivalence classes of ~ in S"^ coin- 
cide with the number C^^^ of topological equivalence classes in i^p^^. 

Consider the cycle C of 9i such that w & C. From Proposition[2T](b) . \E'(£H*(w)) = 
9^~*(\E'(ti')), and hence the cycle of '^{w) is C = {\E'(ty) : w G C}. Therefore the 
equivalence class of w is C U C". 

A cycle C of is called symmetric if C = C. Denote by D^^^ the number of 
cycles of Dl in and the number of symmetric cycles respectively. Then 



pqm 

tTip nnmVipr nf Rvmmpfrip pvrlpR r 

pqm 

T~\k rpk rpk i r~\k 

nam rinm nnm ~l~ n 



/on\ /~ik _ 771/c _|_ pqm ^pqm _ ^pqm ' ^ pqm 

J ^pqm pqm 2 2 ' 

The above expression has been obtained in [T7] for homogeneous polynomial 
systems. 

Proposition 23. Suppose that p and q are odd and k E Jm.r- 
(a) If r is odd and k <r + 1, then 




Dpqm - X^'P2n, 'P2n " 

2n\k 

(b) If r is even and k < r + 1, then 



n 

n\k \ l\n,lj^n 

(c) Ifr is odd, then Dp^^\ = (X]2n|r+i "^sn) — 1 with V2n defined as in (a). 

(d) Ifr is even, then -D^^ = (X]n|r+i "^sn) — 1 with V2n defined as in (h). 

Proof. It follows from Proposition [T3] that m is odd (resp. even) if and only if r is 
odd (resp. even). The proposition follows by the same arguments as in [17]. □ 

The sequences verifying Proposition [TST b) are not occurred in [T7j. We study 
Dp^^ for these sequences in the following proposition. 

Proposition 24. Suppose that p is odd and q is even, 7^ /c G Jm,T- 
(a) // (p, g, m) G 61 U 62, then 



D'pqm = Y.^2n, V^n = - h" - IP2I 

n\k \ l\n,lj^n 

for k < r + 1, and -Dp+^ = (X]n|r+i "^sn) - I for k = r + 1, respectively. 
(b) // either (p, g, m) G ©3 U ©4, then D^^^ = Y.n\k "^sn forO k < r + 1 and 
^pqm = iJ2n\r+i "^2^) " 1 for k = r + 1 rcspcctivcly, where V2n is given in 

m. 
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Proof. We note that each sequence w = {a, u) G S"^ is periodic and its period is an 
even divisor of 2k. Let w be the 2n-periodic sequence in S'^ with 2n\2k. Then w is 
completely determined if the elements (cij, Vi) is given for i = / + / + 2, ■ ■ ■ , l + 2n 
for Z e Z. It is obvious that w belongs a 2?2-cycle of If denotes the number 
of 2n-cycles of 9^ in S'^, then V2n = A/2„/(2?2), where N'2n is the number of 2n- 
periodic sequences in S"^. 

(a) Suppose (p, g, m) G 6i U 92- If A; < r + 1, then it follows from Proposition 
[TSr b)(i) that there are 2""*"^ ways of choosing the elements {ak-n+ii ^k-n+i)-, 

t'fc-n+2), " " " , (o-fc, '^fc), " " " , (c^fc+n, i^fc+n)- Therefore 

J\f2n = 2"+' - -^2/, and P2„ = M 2" - ^^^^ 

l\n,ly^n \ l\n,l^n 

The statement (a) for A; < r + 1 follows by adding for all divisors 2n of 2A;. 

We note that the above computation are valid for the case k = r + 1, but, by 
Proposition fTOT b). we have to rule out the two sequences satisfying aj = vj for 
all j G Z. Since these sequence belong to the same 2-cycle of the statement 
for k = r + 1 follows. 

(b) . Suppose (p, g, m) G ©3 U ©4. If A; < r + 1, then it follows from Proposition 
[T8r b)(ii) that there are 2'"-^^ ways of choosing the elements {ak-n+i, ^k-n+i), 
{o-k-n+2, Vk-n+i),- ■ ■ , (o-fc, Vk), " " " , {ok+n, J^k+n) ■ Therefore 

^2n = 2"+^ - Yl -^^i, and V2n = 

l\n,l^n 

which proves (b) for k < r + 1. 

If = r + 1, then one gets -0^^^ ^^e same arguments as in (a). □ 

Next we are going to calculate E^^^. The following two propositions have been 
obtained in [17J for homogeneous polynomial vector fields. They can be proved 
by the same arguments as in [T7j. 

Proposition 25. Let k G Jm,r- Then C is symmetrical if and only if there exists 
w e C such that = yi{w). 

Proposition 26. Under the assumptions of Proposition if C is a symmetrical 
cycle, then there are exactly two elements of C satisfying '^{w) = 

Proposition 27. Let 7^ A; G Jm,r- Suppose that both p and q are odd. 

(a) If r is odd and k < r + 1, then 

^p\m = 5Z^2n, where J2„ = 2"+^ - Y ^2^- 

2n\k l\n,lj^n 

(b) If r is even and k < r + 1, then 

^pV = E^2„, Where hn = 2^^^^'^" - Y 

n\k l\n,l^n 
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(c) If r is odd, then E^^^ = (Xl2n|r+i -^2n) — 1; where l2n is defined in (a). 

(d) Ifr IS even, then E^+^ = (En|r+i ^2n) - 1, where defined in (b). 

Proof. It follows from Proposition [H] that r is odd (resp. even) if and only if m is 
odd (resp. even). The proposition follows by the same arguments as in [17]. □ 

Proposition 28. Let 7^ /c G Jm,r- Suppose that p is odd and q is even. 

(a) // {p,q,m) G ©i U 62, then E^^^ = 2 for k < r + 1, and = 1 
respectively. 

(b) // (p, q, m) G ©3 U ©4, then 

_ ( 4: if r is odd, k < r + 1, E^'^^ — I if r is odd, 

P'i^ 1 2 if r is even, k < r + 1. ^"'"^ 1 1 if r is even, 

respectively. 

Proof. We have known that the period of a symmetrical cycle of $K is an even 
divisor of 2k. From Proposition[25]and Proposition [26l the number of symmetrical 
2?T,-cycles of will be obtained if we divide by 2 the number of 2?T,-periodic 
sequence w in S'^ such that \l/(w) = '^{w). Since the sequences in a symmetric 
cycle verify ^{w) = SH(w), we have 

(34) W2k-i+i = Wi+i. 

From now we suppose that w belongs a symmetric cycle. 

(a) If {p,q,m) G ©1 U ©2 and k < r + 1, then w verifies Proposition [TOlfii). 
which gives W2k-i+i = —Wi. It follows from (15^ that Wj+i = —Wi. This implies 
that Wi = {—iy~^wi. Hence w is a 2-periodic sequence. We can take 4 ways of 
choosing the element wi. Therefore, E^^^ = 2 for k < r + 1. 

Since the sequences such that cXj = Uj for all j G Z verify \I'(iy) = yi{w) and 
belong to 2-cycle of Dl, we get E'^^J^ = 1. 

(b) If {p,q,m) G ©3 U ©4, then w verifies Proposition [TWiii). which gives 
W2k-i+i = Wi^i for i = 2, 3, ■ ■ ■ ,k and W2k = (— l)'^^^fc- It follows from fl51|) that 
Wj+i = Wi-i for i = 2, 3, ■ ■ ■ ,k. 

If r is odd, then Wk = W2k- It follows from Proposition [T^ that k is even. The 
equation Wj+i = Wi-i for i = 2, 3, ■ ■ ■ , /c and imply that W2fc = W2k-2 = 
■ ■ ■ = W4 = W2 and W2k-i = W2k-3 = ■ ■ ■ = W3 = wi. Therefore, w is a 2-periodic 
sequence. We can take 8 ways of choosing the element wi, W2 and hence Ep^^ = 4. 

If r is even, then it follows from Proposition [15] that k is odd. The equation 
Wj+i = Wj-i and (IMl) imply that W2k = W2k-2 = ■ ■ ■ = = W2 and W2k-i = 
W2k-3 = ■ ■ ■ = Wk+2 = Wk = Wk-2 = ■ ■ ■ = W3 = Wi. Since r is even, we obtain 
Wk = —W2k = —W2 from Proposition [TW iii) and flMl) . which gives W2 = —Wi. 
Therefore, w is a 2-periodic sequence. We can take 4 ways of choosing the element 
Wi and hence E^^^^ = 2. 

We get Ep^^ by the same arguments as in (a). 

□ 

In the end of this section we prove Theorem O 
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Proof of Theorem\^ We use ( l30l) to get Cpqm- One obtains C^^^ for A; 7^ by ( l33i) . 
Proposition [23| Proposition [2ll Proposition [271 and Proposition [281 If {PjQ,^) ^ 
62 U ©3 U 64, then system ([1]) has at least one singular point at infinity, which 
implies that (7°^^ = 0. If {p,q,m) G 6^(62 U 63 U 64), then C^^^ = 2 if r is 
odd, and C^^^ = if r is even, respectively. The statements of Theorem [5l follows 
from ([30]). □ 



5. Local phase portrait at the origin and at infinity 
We shall prove Theorem [6l and Theorem [71 in this section. 

5.1. At the origin. Consider the vector field X = {P,Q) with 

(35) p = 5^p,(x,i/), g = ^g,(x,y), 

i>m i>m 

where Pi{x,y) and Qi{x,y) are {p,q)- quasihomogeneous polynomials of degree 
p — 1 + i and q — 1 + i in the variables x and y respectively. 

We would like to compare the local behaviour at origin of the vector field 
X given by (15B]) and the vector field X^. = {Pm,Qm)- For this we apply the 
quasihomogeneous blow-up method as doing in Section 2. In the {p, g)-polar 
coordinates (r, 0) (see (IT^ ) the system associated to X is 

r = ^r^F,(0), = ^r^-iG,(0), 

i>m i>m 

where 

(36) Fi{(f)) = (Cs0, Sn0) , Gi(0) = r]i (Cs0, Sn0) , 
with 

e.(x, y) = x'^-'P^ix, y) + y2^-ig.(x, y) 
rii{x, y) = pxQi{x, y) - qyPi{x, y) 

Taking the changes ([T^ . the above system goes over to 

(37) r' = ^r-™+V,(^), 0' = ^ r-™^,(^). 

i>m i>m 

where prime denotes derivative with respect to s and 

(38) f.(Z^).,.(«).|G.(Z^), 

Doing the same transformations in the vector field Xm we obtain that it is 
equivalent to the following differential system 

(39) r = rfm{9), <P = gm{9), 
where fm{9) and gm{9) are defined in (!38ll . 
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Proof of Theorem We split the proof into two cases, as in Theorem [21 

Case 1. Xm G ^pqm and rj^il^y) has no zeros, ?7rra(0, 1) 7^ 0. Using Theorem[T] 
and Theorem [2] we conclude that the origin is a global focus (stable or unstable, 
depending on the sign of of X^. It follows from (!36|) and (!38|) that gmiG) 7^ 
in this case. 

As the critical point of X on r = are determined by the zeros of gm{0) ■, r = 
is a periodic orbit for (ISTj) . Furthermore, since the dominant terms of (1371) in a 
neighborhood of r = are given by rfm and Qm-, the orbit r = is a limit cycle 
with the same type of stability for (I37p and (I39p . Therefore the origin is a focus 
with the same type of stability for X and X^ when T]m{^,y) has no zeros and 
r/m(0,l) ^0. 

Case 2. X^ G ^pqm, and at least one of the following condition is satisfied: (i) 
r]m{l,y) has zeros, (ii) rim{0, 1) = 0. From Theorem [2] all the zeros of r]{l,y) are 
simple if there exists, and dr}m{0, 1) / dx ^ if rim{0, 1) = 0, which implies that 
all zeros of gm{d) are simple zeros for 9 e [0, 27i] by f l36|) and f l38|) . 

Comparing (137]) and f l39|) we observe that the critical point on r = are the 
same for both systems, and they are determined by the zeros of gm{d)- Further- 
more the linear part of these systems in a critical point (0, 9*) are 

f^m \ / f^{9*) 

and 

gm+m g'J9*) J V g'J9*) 

By the definition of fmi^) and gm{9) we have that if gmiS*) = 0, then fmij^*) 7^ 0. 
So all the critical points of (1571) and ( 15^ are hyperbolic and the local phase 
portrait of ([37]) and (15^ in (0,6**) are locally topologically equivalent, provided 
that 9* is a simple zero of gm{Q)- As the same happens in each singular point and 
they determine the phase portrait of both systems in a neighborhood of r = 0, 
we conclude that X and Xm are locally topologically equivalent at the origin. □ 



5.2. At infinity. Now we can get the analogous of the Theorem [6] at infinity. 
Consider the vector field X = (P, Q), with 

m m 

(40) P = Y,P,{x,y), Q = J2Q^{x,y), 

where Pi{x,y) and Qi{x,y) are (p, g)-quasihomogeneous polynomials of degree 
p — 1 + i and q — 1 + i respectively. 

Applying the {p, g)-polar coordinates (r, </>) to the vector field X given by fllO]) 
the associated system is 

m m 
i=0 i=0 

where Fi and Gi are given in (I36p . 
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Doing p = - the system (HOj) is written as 



(41) 



III, ^ IIL ^ 

1=0 ^ i=0 ^ 



(42) 




where the derivative is with respect to s. 

After these changes of coordinates the proof of Theorem [7] is analogous to the 
proof of Theorem El 



The infinity of Xm and X corresponds to the invariant circle p = of the 
systems ( l43l) and (l42l) . As G VLpqm, p = is a limit cycle or contains a finite 
number of hyperbolic critical points. Comparing the system (1431) and (jUj) we 
observe that they have the same dominant terms. Therefore, it follows from the 
same argument used in the proof of Theorem that both systems are topologically 
equivalent in a neighborhood of p = 0. So X^ and X are topologically equivalent 
in a neighborhood of the infinity. □ 

The converse of Theorems E] and Theorem [7] are not true. In [T7], Proposition 
19 is proved that the converse of an analogous theorems to homogeneous vector 
field are not true. As a homogeneous vector field is a (1, l)-quasi homogeneous 
vector field of degree m the result follows. 
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